Abstract-The main feature of phase changing in a dispersed medium is its random behaviour.
INTRODUCTION
One of the most well-known energy storing methods is based on latent heat. It mainly consists of changing the temperature of a given material to a given value, using a certain amount of energy (provided that it is cheap enough).
This brings a change of phase in the material. When the material comes back to its initial temperature, the inverse change of phase yields a part of the energy stored during the first change of phase. Suitable experimentation has shown that, for efficiency reasons, the phase changing material (PCM) has to be scattered in droplets. Hence, a dispersed system such as an emulsion has been used, its main advantage being the homogeneity of the storage tank. The release of heat in the system is given by crystallization of droplets and the storage is performed at their melting. Moreover, since this dispersed system is viscous, the effect of free convection can be ignored and only conduction has to be considered in the modelling. Crystallization and melting are irreversible processes because of the large undercooling induced by the small size of the emulsion droplets. This undercooling, defined as the difference between the melting temperature TF and the crystallization temperature, increases as the sample size of PCM decreases.
For example, the undercooling is about 14'K for a few cm3 macrosamples of water and is about 38' K for a few p m3 microsamples. Thereafter, the nucleation theory proposed in [l] gives us a function J of the temperature, which
is the deterministic part of the crystallization speed. It is assumed that when the temperature This work has been made in collaboration with the Thermodynamic Laboratory of the University of Pau, Prance.
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Thus, the purpose of this paper is to apply nonlinear stochastic partial differential equations' techniques to describe the above crystallization process.
Besides some particular cases (see the example of water emulsions presented at the end of Section 6), a reasonable model is obtained by using a deterministic one. Nevertheless, investigation of the stochastic perturbation for deterministic model by white noise is of interest for the physical modelling, see, for example, [2] . M oreover, the stochastic partial differential equations are very studied nowadays and there are many open problems in this research domain. Indeed, the lack of compactness for this kind of problem induces new problems in PDE theory. In particular, the theory of nonlinear stochastic equations has been developed in many papers, using multivalued functions, time discretization, Galerkin approximation, splitting methods, etc., mainly in a onedimension space. In the sequel, for some stochastic calculus tools, we would refer mainly to [2] and [3] . Other studies on SPDE may be found [4-71.
At last, for some details concerning the proofs, we refer to [8] .
MATHEMATICAL MODELLING OF CRYSTALLIZATION
One may find in the literature many publications about phase transitions.
The most classical problems are the Stefan problem and the polymer formation problem.
The first one deals with the problem of crystal growth. The model is based on degenerated parabolic equations (see [9] ) or on hysteresis operators (see [lo] ). Since we consider emulsions, our model is not the Stefan one, even if a mushy region can be observed and even if hysteresis aspects appear in the mathematical formulation.
In fact, our model is close to the one describing the polymers crystallization (see [11, 12] ). But, unlike this last one, on one hand, we work directly at macroscale and this allows us to take into account a simpler crystal growth modelling. On the other hand, since the temperature changes the viscosity of the emulsion, the energy equation has to be nonlinear.
Let us denote by u(t, x) the temperature of the emulsion and by cp(t, Z) the ratio of crystallized droplets, in the neighbourhood of a point x of the domain Q and at time t.
Since J(u) expresses the deterministic nucleation rate, J(u)(l -cp) is the deterministic proportion of new crystallized droplets. Thus, taking into account a stochastic perturbation, one gets the following stochastic differential equation for the speed of crystallization in Cl:
where w is the standard real Wiener process and b the random part of the nucleation rate.
Moreover, as the change of phase releases energy in the heat transfer process, one has to consider the energy equation in Cl, with a heat source term proportional to the crystallization speed $$:
where C#J' = k/pc is the diffusivity of the emulsion and c its specific heat, V the liquid volume, and hs~ the specific heat of crystallization (see [13] ). I n order to simplify the study, we assume that VhsL/c = 1.
Since the cooling comes from outside the domain 52, Fourier's type boundary conditions have to be considered on I? = do:
where uoo is a given temperature on the boundary l? and X a thermal exchange coefficient.
NOTATIONS AND HYPOTHESIS
In the sequel, let us consider that 0 is a bounded domain of RN with a smooth boundary l?
and Q is the function defined for any real 2 by Q(X) = max(O, min(z, 1)) and C is any positive constant that we do not need to be precise. 
EXISTENCE AND UNIQUENESS OF SOLUTION
In order to prove the existence of solution to the above mathematical problem, we propose to adapt the demonstration given in [3] or in [2, Chapter 31 for a stochastic partial differential equation.
This method, the Rothe method, is based on a time discretization, which is implicit for the partial differential equation and explicit for It6's integral of the stochastic differential equation. PROOF. The result follows from a classical fixed point argument (see [ PROOF. Since C#I is a Lipschitz function, this result is obvious.
Existence of Solutions
For any sequence (z,),,=N, let us set 5 -ue-2anAtE llfpnl12 ' -"2, + e-2++l)At&E 
+2iTe-2atEl J(~N)CY(l--N);pNdxdt+Illb(~N,~N)III",.
Thus, one has e -2aT lim EIJ(pN (7') II2 5 L, where L denotes the upper limit of the right-hand side term of the previous inequality. 
STEP 3. LOWER SEMICONTINUITY. Since JOT J(~~)cx(l-cpN) ds+JoT b(uN, (pN) dw(s) converges weakly in 'R towards s,' ,J' ds + JOT B dw(s) and thanks to (5.5), one has (pN(T) converges weakly towards cp(T) in 'H.

Thus, if one sets S = e -2aT lim [ El((pN(T)\J2 -EIIcp(T)1j2],
+2~Te-2atE~J(uN)a(l-pN)uNdxdt+//lb(zLNN)~~~~.
Thus, one has e -2"TlimElluN(T)112 5 A, h
w ere A denotes the upper limit of the right-hand side term of the previous inequality. 1 -(pN) )~, and (J(u~))N. Then, there exist 21 and cp in V and W, respectively, such that
In order to prove that (ZL, cp) is a solution, one still has to show that 0 5 'p 5 1 Finally, considering a smooth real function p, Ito's formula gives
E[P(cp(t))] -E[P(po)] = E 1" a(~-cp)JW'W ds + fE /" b2h cp)P"(cp) ds.
0
Thus, if one supposes that /3(z) = 0 for any x in (0, 11, it comes that E[P(p(t))] = 0 for any t.
Then, for any t in [O,T], 0 L p(t) I 1 and (u,cp) is a solution of system (2.1)-(2.3).
Uniqueness
Assume that (u, 'p) and (fi,@) in V x H are two solutions. Then, thanks to the stochastic energy equality (see [2 Chapter I, Section 3.2]), one gets 
NUMERICAL SIMULATIONS
Let us begin with a presentation of the experimental context described in [13] .
Several emulsions have been used. For example, octadecane in water, glycerol, and TWEEN 80 (P = 0.50); water in motor oil (P = 0.25 and P = 0.50), where P indicates the mass fraction.
The experimental cell (see Figure 1 ) is a vertical metallic tube, closed by two isolated caps.
This cylinder contains a cage with 12 thermocouples. They are located regularly in a horizontal plane D, at different radii T, from r = 0.5 mm for the thermocouple (1) to T = 26.5 mm for the number (12) . Then, the thermocouple number 13 is located on the outer surface and number 14 in a bath, where the cell is immersed (cf. the right-hand size of figures). This bath is cooled between -60" C and -40' C, at a constant rate ,B (5" C/h to 30" C/h).
In Figure 2 , one can see the experimental temperature curves of different thermocouples versus time, during the cooling (for water, hexadecane and octadecane emulsions).
One observes, at the beginning of the cooling, before any crystallization appears, a linear decreasing of the temperature due only to the heat conduction inside the emulsion (the temperature for T = 0 is always the highest). Crystallizations are detected when curves deviate from linearity.
As expected, droplets near the inner side of the tube first crystallize; but, a part of the released energy heats up the axis region of the cylinder, delaying droplets crystallization. Generally, the temperature near the axis region is practically constant over a lapse of time T (7 depends on P and /3).
In order to carry out some numerical simulations, we consider a one-dimensional model. This model is obtained, thanks to the symmetry of the problem, by employing cylindrical coordinates and by noticing that the equations are independent upon 8. Thus, one can restrict the domain fl to 10, R[ where. R = 27.5 and impose the condition $$ = 0 for r = 0. The equations are then discretized by a Pi-finite element scheme, which is equivalent in this case to a finite difference method.
The It is shown in Vallet [15] that in the deterministic case, the model only gives non increasing temperature curves. One can see that for stochastic cases, the obtained curves have globally the same behaviour, the one usually observed in experiments. But, in one very particular case, the temperature may rise (see Figure 7 ). This rising occurs only with water emulsions in motor oil and when P = 0.5.
It is known that frozen water droplets take a more important space than liquid ones. Moreover, during the crystallization, dendrites appear. Thus, if a liquid droplet, whose temperature is under TF, is touched then it crystallizes instantaneously. This crystallization excess induces additional latent heat in the cylinder and the temperature rises. As in our model, w,+i -w, is centred, the mean of this excess is null. Thus, one has to impose in the model a term in order to increase the 
crystallization.
To take into account this remark, we propose two ideas: the first one is to use IzIJ~+~ -wn( instead of wn+l -wn in the computing (see Figure 8) , the second one is to consider that w,+l -w, has a positive mean (1 instead of 0, see Figure 9 ). That is, to introduce a derive vector to the Wiener process and to consider, for example in 0, the equation 
OPEN PROBLEMS
The shapes of the last curves (Figure 8 and 9 ) are close to the experimental ones (cf. Figure 7) .
But, we do not prove any mathematical result in this stochastic context for the first proposition. Another way to take into account this phenomenon is to modify the deterministic part of the model. A possibility is to introduce some convection terms in the equation of the crystallization speed as proposed in polymer crystallization models.
Dumas et al. [13] propose the following formula for function J: where cy is a constant and E an energy barrier. Since these values cannot be easily measured by experimental techniques, one has to introduce some identification techniques as presented for example by Burger et al. [16] .
